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INTRODUCTION 

The principal result of this thesis is the solution of 

the f ol lowing problem, proposed by Borsuk^ ^ s 

A ^tant un ensemble compact de dimension 
nulle situ£ dans l'^space euclidien E n de dimension 
n^3, est-ce que le groupe fondamental de B^-A 
peut etre different de 0? 

The problem was proposed, of course, in view of the fact 

( 2 ) 

that L. Antoine had shown the answer to be affirmative for 
n-3. By a generalization of Antoine's construction I shall 
show that the answer is affirmative for every n^3» 

The thesis is divided into three sections. Section I is 
devoted to the construction of the set A and to the proof that 
A is zero-dimensional In section II, TT,(s n -A) is computed 
explicitly and shown to be non-trivial by exhibiting a repre- 
sentation in the symmetric group, . 

In section III it is shown that the construction cannot 
be accomplished in Hilbert space, ulore precisely, it is shown 
that the complement of any compact set in Hilbert space is con- 
tractible. I have been unable to determine whether a compact set 

(3) 

Although the fact has been generally accepted, R. P. Coelho 

appears to have been first to publish a proof that for Antoine's 

set ~TT t (S -A) is non-trivial. This paper, as a generalization must, 

includes the case of Antoine's set and thus furnishes a second 

proof of the non-triviality of 7T t (S 3 -A). 
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of finite dimension can leave the Hilbert cube multiply connected, 
but hav'e shown, however, that if there be such a set, then for 
some n its projection in the subspace 

is of infinite dimension. An analogous result holds for subsets 
of R n ; namely, the projection in any (n-1) -dimensional hyper- 
plane of a compact set in R n , n^3, whose complement is not simply 
connected, has positive dimension. 

( 4 ) 

Finally, a remark by J. W. Alexander on Antoine’s con- 
struction is generalized to show that for each q, l^q4 n > there 
is a q-cell in R n , nj^.3, whose complement is not simply connected* 
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SECTION I 

CONSTRUCTION OF THE SET A 

First we give a brief sketch of the construction. The set 
A will consist of the intersection of a decreasing sequence of 
compact sets, 

Ao aipa 2 :>. • • , 

s 

where 

Aq is a set in Euclidean space R n formed by rotating a circle 
with its interior about n-2 hyperplanes of dimension n-2. The hyper- 
planes will be so chosen that Aq is homeomorphic to the topological 
product of a 2-cell with n-2 circles. 7/e shall hereafter refer to 
such a set as an n-tube. 

Aj consists of k disjoint n-tubes , Tl>* ,, ^Tj c> which are 
linked and embedded in Ao in such a manner that the injection 
A,) is an isomorphism into . 

A^ consists of k 1 disjoint n-tubes situated so that each n-tube 
of Aj-i contains k n-tubes of embedded in a manner homeomorphic 
to the embedding of Aj in Aq . 

The successive sabeddings A^ C A^„]^ however, are accomplished 
so that the diameters of the n-tubes comprising Aj. tend to zero as 
i->c>o . Thu 8 it is evident that A is compact and zero -dimensional . 

We next adjoin the point at infinity and consider A, Aq , A]_ , • . • 
as lying in S n . To prove that TT^($*-A) is non-trivial, we shall 
compute it as the limit of the direct sequence,^ (S'-Ai)] » *n d 
exhibit a non-trivial representation of it in the symmetric group Sg . 
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To prove that A is zeco-dimensional and to compute its 
group, we need the following le.nmaj 

Lemma IA. Let , D* be arbitrary real numb.rswith o<d^O s 

Let S be a compact set in R n contained in the set defined by 
X^s and Let S be the set generated by rotating 

S about the hyperplane defined by Xy 3 <ly j X^ - 0 , or more ex- 

plicitly , 

w* f I 

S - X; - if Cjt tT or $ 

= = J 

Then 

a) for each 9 ) £ ^xReal numbers mod <i7T , the correspondence, 
(^ 6 )—* X > where X^ ^ .Lf+ors .X^^Coid , 

is a homeomorphism onto S • We can therefore use the pair ( 3 , 9 ) 
as a set of coordinates for j « 

bi if U is the set in 5 consisting of all points with representations 
for which 

mUC S , cue ip , {h-* it* 

then 

max | diam U, ^ diam U ^ diam U *t* Dj ~ °0 > 

where 

~ | 2. t ( TT$ 9 4 itr . 

0 ) If X£S then d^-Oj u r 4 A t + O s 
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Proof j 

a) Is easily verified by analytical geometry* 

b) Let u be a point in U* Then the points (u,<) and 

4^1 

are in U, hence 

|’(U/0, U,j»)= 'Iu.‘(s;»y3 -S, •«*)'■+ U.J (Cos /S-Cos^f 

= iini (,^-4.) jj. Up-*.) 

If, moroover, ^ TT* , then is also in U and 

= LA S * Henco diaI11 (/*-<) 

Since U contains an isometric copy of U, we also have diam U )y diam U. 
Hence, combining the above 

diam U. ^ ^nax , 4 s fC/S-<0} . 

Nov/ let (u y 0) and(u > djbe any two points of U« Then 

fif. U,*),lu,5)) $ f(lu,e), tUjS)) + /> (U,S) <(*-«/) 

4 £ u 4 5i-ni\e-©\ -+ f C u v u ) 

$ D t p(^3-<0 + <iu>n U . 



c) Consider a point XtS* Then there is a point *j £ S such that 
(Xf.-J ^ ^ 0 Hence is maximum or minimum when X>-<? 

and tjj assumes its maximum value. That is, |x*-d*U o, 

P'rom this we see that 



^ d -f Dj 

X£5 



and 



'm •’ n ~X v ^ d-f." ^5 
X£ S 
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Construction of Aq 



Choose a set of positive numbers ^ ^ . ... -^ such that 



I. 



dj'- ^-r^o 

V' ^-O a >0 



, D* = r^r, 

✓ ^ -t- r k 



(2) 



^ - o 



Let t be the circular 2-cell in R n defined by 

Cx A - rj + ( Xj _ < i r ± 

y~f - r r 
Xr = K- 



f s 

Xh= ^ 



(2) 

Then if Xt t we have 



t (2 > 



0<d i = V n on = 



So t v '“ / satisfies the conditions of lemma A with respect to the 
planes X^X^-O [i'z I y S^Z ) • Hence if we define t^' to be 

the set generated by rotating t^ about X,*X x *0 , the following 

statements hold as a result of lemma Ai 



a (3) 1 t^ is a 3-tube, and t^) coordinates, 



( 2 ) 



,LUt^', Oj, £ real numbers mod 2TT' 
can be set up in t^)» 



\ 
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b (3) ; 


For 


any set 








u( 3 ) 


= { t*A) | 


u. £ u w < t‘? 




we have 










max 


^diam <J, 


> fKO) 4 U 0) s< d;, m U l + Di p(v.) , 


whe re 






• 




ii2]‘ 


X £ t 


(3) . . 

dj ^ x 3 ^ D 3 


x j =r j ■Mi*'* ■ 



V 



We now define inductively for , 

t<i> = the set generated by rotating t^”--) about the plane 

'Xi-l=O^X £ = ti i. 

We now claim that the following propositions hold, for 

3 ^ i 4 'n : 

t t^ is an i-tube^and we may set up t ^ -coordi nat es , 

( 6a.j9 Ao - • • • j&i.,) with ^Lt ^ ^ , 'and ^ £ reals mod 2TT t where 
&i-i is the angle through which (u, • 0 t . z ) is rotated to obtain 

the point in question. 
b(ip For any set 

- ■ — s 

^ V 0 i-j)j luU U Ct (4) ; 



we have 



.max. (diam dj ^CYj)) 



(i) 



< diamU Vi ^^ diam 



i-i 



k °i r^> 



where 



y j = ft - «i 



£ ^ Xj-1j ^-r 
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We have already indicated that , *>(3), and 0(3) hold, 

so we need only show that a( i . 1 )» b (i-i)> and c (i-i) im Ply a^ , 

b (i)> and c^x. Now c^_^ spates that 

o<di.,4 “Xt-. ^ Oi-i % c t u '° 

(i- 1) 

3 o taking S s t , i, -S-i- 1 , we see that the conditions 

of lemma A are fulfilled and that t^ corresponds to S* . Hence, 



follows immediately 



from a and a^_^\ when we replace 



follows when we apply b to obtain 



max 



and then apply the limits on diam ^ obtained from b 



(i-D* 



c^.< follows from c, an< ^ bbe ^ & ct that the higher coordinates 

are unchanged during the rotation which generates t^\ 



\ 7 e have thus established a 
A 0 = t< n > = 



(n)> 

T. 



(n) 



and c 



(n)‘ 



We take 



For convenience of description, the coordinates described in 
(K vd.ll be called T-c 00 rdi nates, and a set of the typed described 
in will be called a T-box, and partially described by 






Construction of A^< 



• Let tl 3 ’- t 2 (3) >' -t l 



( 3 ) 



be a chain of cyclically linked dis- 
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joint 3-tubes contained in t^ 3 ) and looping 



once around the axis 



of t^ 3 ) 



• 77e may assume that they are all similar and that k is large 

enough 30 that t^ " is generated by a circular 2-cell t^^ of 

radius , rotated about an axis i, ^ at a distance f 3 ^ from the 
( 2 ) 

center of t^ • Let T^> T 2 , . . » be the n-tubes generated by 

, ( 3) (3) (3^ 

ti * * * » respectively, as they are carried along with t ' 

(n) 

during the successive rotations required to produce T = t v The 
set A-i we define by 

V 

A x = .U T. 

i * I 



Construction of Ag, A^, 



Since each of the sets is an n-tube constructed in a manner 
similar to T, we see that we can introduce T^-coordinat es in which 
we denote by 

(v, fu.su,- • svt t\ l> 

Moreover, we note that i f XtT, , then it has T-coordinat es 1 

, and T. - coordinates^ fm-,); » 

and that 

U> , &i= ft j * * ‘ * 

since the rotations generating T and coincide after the first one. 

( 2 ) 

Now let g. be a linear homeomorphisn of the 2-cell t onto the 

( 2 ) 

2-cell t. , and define the homeomor phisms 
1 

4 1 : T r: 



by 

(21 
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Thus 'fi is what might be called the natural mapping of T onto T^ , 
except that the angular coordinates are permuted. 



We now define 



T, = ^ (1- ) - (T) 



and 



- — 

A l - u Uj 

t,j - 1 J 

Let 0^ be an array of integers, each between 1 and k, 

4 , liijik. 

i. will be called the length of «, or JK<0 . By the notation 

• . « » 

<U we shall understand the array !,•••• . 

For such an array oC , we define 

and T^^Cr) . 

We now define the set A£ by 



A t = U U 

K t(M)r i. 



it 1 



Thus it is apparent that A^^ consists of k disjoint n-tubes 
such that each n-tube T 1)V of contains k n-tubes of 

T^j , T^ , T^ , embedded homeomorphically to the embedding 

of A]_ in Aq . Namely, 

X). 

Thus Aq, A]_, ... is a monotone decreasing sequence of compact 
sets and hence 

A s Ai 

1=0 



is compact 
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Zero-Dimensionality of A. 

We note that for every positive integer JL , each point of 
A is contained in the interior of some for which 
and that A/^ bJyT^ a 0 • • Hence if we can prove that diam T^— > 0 

as $A<0 -* oo , it will follow that A is zero-dimensional. This 
will be apparent as soon as we have established the following theorem! 



Theorem IA * It is possible to choose V”, J J j> t ^ f> t 

in accordance with the construction and such that for 

V 

every T-box, U, there exist T-boxes , . . . . such 



that (.iX) C. \X’ L j L - L 'yM. 

and diam IL 4 diam U. 

To prove this theorem we first establish 
Lemma IB. 



Let be a t^ 3 )- box 



( 3 ) r \Z) -) 

U 1 = i lJ l • 



( 2 ) 



Then U. 



(3) 



is contained in a 



t (3) 



box 



u (3) s \u (2) ;-v r } , 

diam U diam p 



such that 



and 



. . * 
; i 



(2) • (3) (2) 

Proof! The set U is obtained by "projecting” back into t * 

the generating 2-cell of t^. The first inequality simply states 
that the diameter of the "projection" is equal to or less than that 



I 
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If C*,/0 is the smallest angular segment of t^ ; containing 



(3) 



, and V* -z ^3 — , then the second inequality states that 

the diameter of the smallest circular arc subtended by the interval 

(3) 

.s less than the diameter of , 
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I take these statements to be sufficiently evident to justify 
omission of a more formal proof, and include figure 1 as a visual aid, 



Proof of Theorem IA « 

It is obviously sufficient to prove the theorem for i s 1. 



Let 






Then, referring to (1), we see that L(u) is a T^-box 

{,(“> = , y „., 

Recalling that by (2), the T- and T-j_ - coordinates of a point agree 
except for the first two, we have upon applying lemma B, 

f.(u’) c U, . a f'-interval, 

u i = £ u i j , * * * * ^ } 



such that 



and 



diam ^ diam ^ f (Vj) 

<Lp(Y,H 3,CU u ’) v (f.»M ptn) 



Hence, combining this with proposition we see that 

di4<nU, ^ <i;»^U l ,‘ J +D i f»Cv J >+ o, + 1- p(v«) 



Now 



$ (it 3,(u ,0 )t (f.-*f4ptv 1 )) + D 4 p(v*)t -- +0,., p(vn 

since is a 1-1 linear mapping of t ^ onto tj' 2 \ 



we know 
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J- 

P 
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( 2 ) 

that the set U is reduced in diameter by the ratio j> t t VJ • 

Hence 

““ V( 1+ £)(V iam 0~L A %fM 

* <Aj. ' 



Suppose that we can choose 

ii . 1+ £* <3 . ru <-*- £*!&: <-£ y X- 

dfc. ^ l /r t \ 3yK> ^ Sloa , , • • 

<** 

In this case we would have 



y -i> /X 

^ 'Vi J 









<v 



diam <Lp(vOt- + d„„ f (V.., ) 

^ U;»»> U <1> , <1; j>(v;)) ^ d, 4 ~U 

Hence to complete the proof of the theorem we need to show 
that our quantities can be chosen subject to the inequalities I (p>t^ 
and II. These choices can be carried out in the following order* 



Choose arbitrarily. 



Choose 7 j*, and such that the linkages are possible. 

(3) (3) 

Choose r, ^ 3 -nf, and such that t^ fits inside t 

. This implies 1 1.1^ 



Choose 

Choose I'Vvh^ O 3 « 



Cho 



ose *j.> (>\+i) D>f 



This implies -5i < | 

0 Y 

. This implies £3 | 



Choose 



. This implies -~r~ ^~yx ^ ^ 

0 >|-| 



*Va. /i 

— r— ^ yi 
0 >|-« 

Now since D . D* . • • D > do not involve V', , all of the 

choices so far have been independent of Vj. . Hence we may choose 



/£■ 6 o j 
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r x.> T.r/viO^j >3+, > nT, 



This implies that 

0 *. 



and 



D^.» 



Tx 



Thus all the inequalities of I and II are satisfied in a manner 
consistent with the construction. 
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SECTION II 

COMPUTATION OF n;(s°-A) 



To make the computation easier to follow, we first treat 
the case n = 4,and later generalize. 

We have, then, that T ~ t ^ ss consists of the 3-tube 
indicated in the accompanying figure, rotated about the (x^, x 
plane . 



*3 




We 



first compute TT^ (t* 3 -~ 0 ^ i )* 



(3> 



Denot e 



<r = 0 tf , i'-- S 3 ' t 



w 



We have then 



t ( -<r* 5 1 - 5 J -t'u<r 



Now t is a 3-tube linking .To compute TTt (S ~ t 

we may retract t' and upon their lines of centers, thus 



obtaining a linear graph. We assume that k is even and that the 
resulting linear graph has the following projection: 
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/ 

( 

I 

\ 

i 

N 











We further assume that the orientations indicated in the 

figure are in accord with the angular coordinate system, i.e. , the 

/ . ( 3 ) 

point ( U», Gj. \ i n ^i moves in the direction of the arrow as 9 ^ 
increases. Labelling the edges of the linear graph as indicated, 
we find by a standard procedure that | fj is given by 

Generators: X . fl», u ... A, I h I A a . 



and 
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Relational (Using the usual notationi uvu':V^ UvV 3 v" K ) 

(1) °U a.* 

(2) Y = TC 0 - 

(3) Y = ^ 

(4) f3 - £ 

/ 

( a l) 

< b 2> <•»&,= olV 

< a 3 > ^ * a 5 -- if* 

o> 4 ) a ^ 3 z fr, - a-V 

<•« «!r-- «.,= it 

‘V aSf" , ),. . a- 

(BO ok. - ptrK 

If we set ^ , then from ( b 2 ) we obtain 

'3 s <C<C,'JLxU 

and f rom (a^) , 

a,' <C - a '( • 

From the succeeding relations, we likewise obtain 

= K t* -- <Cp. . 

Thus if we introduce y we can eliminate b^, .... b^, from 
the set of generators ^ Also, relations (1) through (4) permit 
us to eliminate o( A ^ Y • To determine the relations for the 
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for the reduced set of generators, we first equate (2) and (3), 
obtaining 

a,xa:,'= L-xtr"' 

* 

or £*,^1= 1 

The relations (b£) yield 

a-AiA'. 1 = a.Av< : k 
or Calja.1-- 

Similarly, (b^), (bg), .... (bj^*,) yield respectively, 

y La 

"j r La^.a^J 2 La t , &,3 

• , • 

« • 

rK,v>KA!] ; 

this last relation resulting from replacing^ by its value given in (l)» 
Thus we find that TT,(t^^- (T) is given by 

Generators* , ''J , k. y 61 ^ 

. * 

Relations* « 

= i 

- Ka>] = la; 0^1 

9 

% 

• • 

That these constitute a complete set of relations is easily 
checked by substituting aiy for b i and for p in the original 



i 
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relations, and noting that the resulting relations are con- 
sequences of those shown on the preceding page. For example 
(ag) becomes 

■l „-l 



or 






Ul, a,] • 

We must now consider the geometrical representations of 
the elements x, y, a i# Sine e TTj(t ^ ? ' - <T ) ^ Jfjt ^ - <T) we will 
hereafter treat the latter group. 



Choo 






se the point p it , whose cartesian coordinates are 



( 0 ) , as base point for the fundamental group. Assume 

( 2 ) 

that the t^ were so chosen that 
in fi gure 4 . 



are located as indicated 



Let j? ^ , i-1, . . .k, be the simple arcs from p to p^ , 
indicated in figure 4. Then we have 



and 



( 3") , (3) 

x is a loop on the surface of t ', bounding in O “ t 

directed counter-clockwise in the diagram shown on next page. 

(o') , . ( 3 ) 

y is a loop on the surface of t v ' , bounding in t v 
a i _ 2 i Xi " 1 , where is defined by ^1 = 4;. (^ ) , assuming 

that the orientation of the homeomorphism ^5 £ l ° % pV 
has been chosen properly. 



Since T - A,is honeomorphic to the topological product of 



t _ 0 " and a circle, it follows that TT^T-A^) is the direct product of 
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g are 
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with an infinite cyclic group. We may take the path generated 
by rotating jo about the plane as a representative of the 

new generator, 2 , thus introduced. 



We are now in a position to write down explicitly, as 
mappings of the interval , the loops we have referred 

to. They are 



,*-^5 >°) » in T ” coordinates 

£(5)2^0^ O^VSTs^ , in T - coordinates 
Y‘ U ( <>XtT, OKs/j,-; Cartesian coordinates. 



If we define 



X; -^(X) 

2 • : V; l 3) 
fi - kU) 

-- k Up 



) 



These are 



generators of I ) ~ ("jr _ \J T;- )> based at P[ . If we set 

j J 

Xi r i-T- i‘ 

1 i - ^ v i: -' 

2; * i: i; IV 

^ ^ r ; ' 

then we can regard these as elemonts of TT, (T - A^), and the first 
three can also be regarded as elements of 1 1, ( T - Aq). 
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Referring to the definitions of the homeomorphisms 4^ ( P.9) 
and to the representations of 2 as mappings of the unit interval, 
we see that 

- ( j>^ Oj JJTs ) £ (T^ - coordinates) 

2 1 Is) = (pi j xTTs y 0 ) i ( T i r coordinates) 

Thus Xi is the loop generated by rotating pi about the 

_ ( 3 ) 

( "X fc ) plane, and is the loop on the surface of t^ and 

s 3(3) a __ *'i 

bounding in 3 - t^ . Hence X; X.; can be seen to be homo- 

topic to 2 in T - A^, the homotopy being accomplished simply by 
moving the generating point, p^ , backwards along the arc to p • 

We can also compute 2 : r J. 7*. ^considered as an element of TT^T'A,)) 



from figure 3. We obtain 



2 « a 
2*-- 

*3 = k 
• 


- <u> ‘all. * 
a.X 

- a, a,! 


• 


= 


2 Vi : °C V-» 


-- * 


It is also obvious that 





Xi = 2 
= 0 ci 

3 inceXi,'^t> and i: may be considered as elements of 
the above relations may be considered as defining the injection homo 



raorphisms: 



< 



1 1 . y bJyTi) — > O'- A,) . 

We are thus in a position to apply the usual procedure for 
computing TT. (O'- A,) U (Ti-yr^«4 ; ) . The group will be given 

i * ' 

by 



Generators, X . «j , * , *i, y j * ; a. . . ; j , ,, K 



■ W. 



Relations: 



( ^,2] = 0. X J = [*,0*1=1 ; j - <,i," 

77; 0 ^) j -3 = La: ,a r ] - [< Ar ,] ; j = a * • • 

^ r-K km<ai 



' ix,^ = c*,*o = r* ;/ a : p 

K((T^ i)u i ; ) ^ , Duj - taij.aij.,] 

• ^ v.,] - L<Xi ^ ^ ] 






j j " *' X 
J 3 



= 



Vi 



Injection 

Relations \ — 




1 is tvtn 
ii> oU 

i$ i=l 



0 vJ 



t ^ i 



aV x"a Vl H u h - 



Noting that all of the sets (” 7 [ - U ""Lj are pairwise 



w 
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disjoint except at the base point p , we may adjoin them all 
simultaneously and obtain 7 T) (T - A 2 ') simply by allowing i to 
range from 1 to k in the presentation shown on the preceding page. 

Ey the obvious induction argument, v/e can now state that 
IT, (T - A’ r ) is given by 

/ 

Generators * Z* , 0.<u jL = ',--V , 

and 

Relations! 



Lx *,*!*! 3 = [ 2^*0 = U *, 

Xdt r 2* 



(X^;l j L-b'" k , X(<) 4 v*-/ 

i L-ljHr-Mri- , .((-0 £T-/ 

j 

; i=l,V‘ , 4U).4f-* 



> = <u 

( ^UtJ ^di-i 

(XdLv^'X.a, 

X^'x^dK- 



J 

il i fi-ofvv 

it i Is e>AA w 
it t * 1 
it L - K 



J?C*) 

i(-o <r-*- 

J [U )$ 'Y-2. 



The injections TJT( T - A*.) ^(T - A r ^ ) assign to each 



element of the first group the same-named element of the second group. 
Hence, the group 7T,(T - A ) is the limit of the direct homomorphism 

sequence {jU (T~Ar/| t and is obtained meroly by “ llowin S * * in 



~f. See (5), footnotes 8 and 9. 
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the presentation on preceding page to range over all arrays of 
finite length. The group 7T,(S -A) is obtained by adjoining the 
two relations X-2 = l» 



To 8 how that tt;( s* -A) is non-trivial we exhibit the 



following representation: 

= 1 



for all ok . 



ve-rs 



0,£)u,»; , 

= (.I,*) c ii i is* a y 

^ - 0,3) {l,t) A i is i 

and, inductively, 

if ^ (a,U(c,<j), 

• set ^oU- 

^oU= (a,c) (JU <j) 



if i is odd, 
if i is even 



where C are the two integers between 1 and 6, not among a, 



b, c, d 



Computation of T T, (S^-A), n>4 . 

The procedure here is almost identical with that for the 
case n:4, so we shall only sketch it, filling in the significant 
departures from the previous case. 

First we use the result from the previous calculation of the 
group 77, (t^- <r) . For Tf^T - A]_) we merely adjoin (n-3) new 
generators which must lie in the center of 1 I ,(T- Aj ) . To make the 



notation uniform we replace x by x^, 2 by x^ and call the 
new generators x > x • x^ ^ . Then x^^ is represented 

in T-coordinates by the loop 

■X ( *(S>s ( 0 ,^ 0 , o).,^ 04341 , , 

where the 27TS occurs in the ©q-coordin&t e position. 

As before, we define 



and 



t; (nV) 

*\ v -- klPC 



' t ^-‘j : > 

• | — f 



Then x^ and y^ can be considered as generators of TT.t^u W; T~ ), 
and we proceed to compute the injection relations. V/e have 



xf =i r; ( f,** 4 ,*,®/- •■) = ( pi ,<>,(*•- «*)< 
Xc -(pi,* 1 *, 0 , 0 /-)*: 

x* = k( f ( o/jxwa-)" 

• « « 

p, 0j - 



Hence, by the same reasoning as before, recalling that the higher I - 
&ru) T-p - coordinates of a point are identical, we obtain 



-, ( i.) ,y “ 1 ) 



x‘ 3 i 



^Xi-l 

(Xi-I 

x-l 



if i is oven^ k 
if i is odd ^ 1 



a^aS.' 5(111 if 1 = 1 

x u, a! x^av-i if 1 - k 
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Thus, taking the generators X^ with 
the usual relations and the foregoing injection relations, we 

. As before, we can allow 



obtain TT;((T-A,) u ( U -U Uj ) v/4; ) 



i to range from 1 to k, obtaining 17] ( T - A^) . From this we can 



*jd ,6lou ; 



readily infer that 77 ] (T - A y. ) is given by 
Generators: 
and 

Relations 

txy,a A i]«i 

iXoLLtil 

- , <$?] 



X £ J . • . 'Yi - \ J (tA. ) ^ "f* I 
\ =3 /" ^ 



l = X, H 



, <0O$r-i 

, U*)$T-I 

V 5 ' / 4.U) ^ y-i 
’ r-/ 



\ U) . - ^ u) 
* * t - 



^ 



,<*> 



- X 



W) 



C*-0 

x ( £ 



x C3) 

A-cU 



(*~x) 

= ** ‘ 

Cm-0 

= X* 

/- -i 

( G-cU*: 

— y^<vu» ^ Ai'i 



L-- i,x. 



i= 









60“* *1 ii) 

x c : 




(c*; 4 

r~x 

C U) ^ 



<?W 



'T-Z 






- a, 



J2u) 4 r- 



Since the inject ionsTT/T -A t ) — * T, (T-A VV| 5 are defined 
by leaving the names of elements unchanged, we 3ee that U,(T-a.), 
being the direct limit of the sequence { tT,(T - A^)J , is given by 
the above, where ot is allowed to range over all arrays of finite 
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length. TT(5 n - A) is of course obtained by adjoining the re- 



lati on: 



x (q) = 1, q - 2, 3 n-1 . 



A non-trivial representation of 7T ( (S n -A) in the symmetric 
group, Sg, is given by 



s even 



- 1 'J.= 2,3, .... n-1,' alien 

AJ = (1,2) (3,4), 

- (1,2) (5,6) if i is odd. 

Mi. r a- L - U,3) ( 2 > 4 ) if 1 i! 

and, inductively, 
if ^ = (a,b) (c,d) y 

t henset - (ti,b) (e,f) if i is odd, 

0*; ( a,c ) ^ b,d ^ if 1 is 9Ven x 



where e, f are the two integers between 1 and 6 different f ro;u a, b, 



c , and d # 



SECTION III 



Since the complement of a compact zero-dimensional set 



in R can be multiply connected, one is naturally led to ask if 

( a ) 

such a set can exist in Hilbert space, R . The answer is decidedly 



negative, as indicated in the following theorem: 



Theorem III A. Let K be a compact set in Hilbert space, R W . 

■■ — ■»» 



u> 

Then K - K is contractible. 



First we prove 



Lemma III A, If K is a compact subset of R 4- and 



0 i = max (*;.), 

th en lim m 0 

1-9Q* 



Proof . 

\»e note that compactness of K implies the existence of the 
and existence of points 



R = ■ )£K. 

Now suppose that infinitely many of the 0 4 ‘ are bounded from 
zero. Choose a convergent subsequence, j for which the Q t ' are 

bounded from zero, and let Q="(q^ , q 2 > • • • • ) be their limit 
point. Then 

J ^ 



So we must have 



Dy u> - f fU) -* ° 

But since Hence contradicting the 

assumption that Oj^^) Were bounded from zero. 
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rr-'of of Theorem III A . 

Let Oj-^0 be as defined in lemma III A. and define 5i-|DJ+-£* . 
Then the Si are all positive and tend to zero as i~*a> » 



For XCR W , 0 t def ine 




fx if ts 0 

^ (x, X A ., ? O y o y - ) if = 

[ linear in t for ^ ^ t 4 ^ 



For any positive value of t, say-^S t $ , v/e note 

that the (n-»l)jt coordinate of £ t (x) is S^,>D and hence U) 
cannot lie in K* Further, since is the identity and -^(R 10 ) 

“ ( °jO j O / • • • )» the function ^ is a contraction of R W - K j 

provided we can assure continuity. Now "9 is clearly continuous in 
(t,x) for t?0* For tsO we have 

4 fU, 3 ) 

For-*- $ t i - 1 " , we have 



V 

i”-'/ ,0-i)<**n.o,a- ■■■ 



where 0$ £ $ ^ 

Hence 



4 4(5^ + C,, 1- ) + jT 



*>»+ 3 
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Since , and both tend to zero as n <-*<*> , it j s clour 

thut we cun make arbitrarily small by choosing t small 

enough. This assures the continuity of ■f in (t,x) at t - 0 . 

Corailary t If C C K C R^, and K is compact, then C is con- 
tractible. 

Proof t We merely need to reexamine the contraction 
defined above, and note that (x) is defined for all 

CO p 

* t K andy^(x) cannot lie in K if t^O. 



The conditions on C can be weakened much further without 
impairing the conclusion. For example, if C is bounded along 

(jJ 

infinitely many axes, with the bounds tending to zero, then R -C 
is still contractible. Deeming this more or less irrelevant to the 
present paper, we shall not stop to consider these various refinements. 

I have not been able to determine whether or riot a set of 
finite dimension can leave the Hilbert cube, 1^,, multiply connected. 
However if such a set exists it is surely pathological. 

For the purpose of investigating such sets in I w we define 

the sets 

^ ^ i<in ] 

X(A)= U" 1 ^ 



and 



f.v Ac Iw 
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> 



% 



«e note that for two sets A, B in I w , v/e ha 



ve 



A^T n (6)=o %X(V = o 

Consider the property P(C) of a set C in I to defined by 

P(C) IS; X i I C -=$ ly\ to 

or, equivalently, 

P(C):H: I w = 0 X, U) 

If v/e now define p^(x) to be the projection, 

P^vCX)- )» 

then we immediately obtain : 



Theorem ITT B » If the property p(C) holds, then, for some n, 

di'm p„(C)= a> . 

Proof ♦ If p(c) holds we have 

Iu,= utuo 

Mil 

But I w cannot be a countable union of sets of finite 

/ 

dimension ' . Hence, for some n, 

JiwTvU) = o° 

But T n (c) is obviously the topological product of 
p n (C) v/ith t heiH'dimehsional cube I. Hence 

p n Cc) = 0° 



/ See (6) , page V? . 
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We now provei 

Theoren III C, If P(C) does not hold, then Iu> “C is contractible* 



Proof t We have 

P(C) false ^ J at 0 'b, for all n, T n (a) C = 0 
If we define 

i n ( x ) Z (xi, x 2» • • « . x n _^ (X n , ^ n t 2, ) 

Then 

T n (a) 

Thus v/e can define a contraction of I w -C by 




X if t = 0 

K^oo if t 

linear on 



Then we note that if t>-l- , 

y\ * 

identity and f, (*) = «■ • 

by a method similar to that 



then -^ t (x) la, “C . Moreover, "f „ ( x ) — 

The continuity of ^ (x) is easily verified 
of Theorem III A. 



Combining TheoremjIII B and III C v/e obtain 

If CC Iu» and for every n, the projection ^,(C) is of 
finite dimension, then I^o “C is contractible. 



A theorem analogous to but not nearly as strong as 
Theoren III D holds for compact sets in R n , This is stated in 
Theorem III E, the proof of which requires the following lemmaj 
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Lemma III B . Let k be a compact zero-dimensional set in R* 1 *" 1 , 

n^,3, and let £ be an arbitrary positive number. 
Then there exists a finite covering {Ui]of k such 
that 

n wl S 

1) . Uj_ is open in R 

2) . diam U* < £ 

3) . k^ bAyU ± = 0 



4) . U^TJJ.O if i^ j 

5) . Ui is a finite polyhedron 

bty is connected. 

Proof c The existence of a covering {*] satisfying conditions 



( 2 ) 

1). to 5). was demonstrated by Antoine , but I shall 
briefly sketch a proof here. 

First cover k with a finite number of open sets {3 i}» of 
diameter and whose boundaries do not intersect k. We may assume 



this covering to be refined so that the sets are disjoint. Since k 

— ' A 

is compact, we can, by regularity of the space, find open sets Q l <LQ‘ l 
whose closures are disjoint, whose diameters are <£/£ > whose boundaries 



do not intersect k, and which cover k. 

Now cover the boundary of each Q^with a finite number of. open 
(n- 1 )- dimensi onal cubes, whose closures do not intersect k or the 
closures of any of the other sets of the covering. Let ($; be the sot 
Q/ v together with the open cubes oovering its boundary. Then {$i} c overs 
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k and satisfies conditions 1)., 3)., 4)., and 5)., and in addition 

the cubes can be chosen so small that diam . 

Suppose that for certain i, bfy CU is not connected. Let 

be the components of bcty^and let "Uji be the 

n —1 

union of the bounded components of R - Bji . Since diam 0^ < , 

the (n-2) sphere at distance Vz. f rora a point of does not intersect 
Q n-1 

O j i • Thus all the bounded components of R are interior to 

this sphere, so that 

diam < £ 



7/e further see that 



QlcUu*. . 
J J 1 



For let q be a point of (j^ . Then it lies in a bounded com- 
n • 1 

ponent of R - bd^ ft. Hence the radial projection of bdy Qi onto an 

(n-2) -sphere about q is an essential mapping^ . Since theB are 

ji 

compact and disjoint, it follows that this mapping is essential on at 

least one of them. Hence q lies in a bounded component of some R — 0- 

J 

° r q £ u*ji • 

Since 0> ^ bc^Qi , we see that forms a 

covering of k satisfying conditions 1), 2)., 3)., 5)., and 6). liore- 

n ** 1 

We make use here of the fact that for a closed set CC R , n/>3, 
a point q lies in a bounded component of R n_b - C if and only if the 
radial projection of C upon an (n-2)-sphere about q is essential. This 
theorem is easily deduced, for example, from Theorem VI 10, of (6). 
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over, since the 0^ are closed, disjoint, and connected, we see 
that if two sets of the covering ^ U*.,^ intersect, then one of 

them contains the other, hence it is possible to pick a subcovering 
satisfying all the conditions of the lemma. 

vVe are now in a position to prove 

Theorem III E . Let K be a compact set in R n , n ^ 3, and let 

n 

k be its projection in R . If k is zero-dimensional, 
n 

then R - K is simply connected. 

Froofj Let L be a loop in R n - K. Vve may assume L is 

polygonal. Choose 

£< f*(K, L), 

and take a covering hi] of k satisfying conditions 
1). to 6). of lemma III B. 



Let be the infinite cylinder over . Since is a finite 

polyhedron and L is polygonal, L ^ consists of a finite number of 
polygonal arcs with end points on My V i# Vie will show that each 
of these arcs can be deformed in R n -K, with end points fixed, into an 
arc lying on£>dyV^. Doing this for all the U^, we obtain a loop, L , 

homotopic to L and not intersecti ng |J V. . L can then be raised, 

C 1 

until it lies completely above K, and then contracted in the obvious 
manner « 



e 



Hence to complete the 

°f l r\\ > 



proof we must consider a polygonal arc 
be deformed in R n -K, with fixed 



end show that it can 
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end points, to an arc lying on^xjyV^. Let a end b be the end points 
of ^ » They lie, of course, on bdy V^, Let be the cross-section 

of through the 'point a* For a point x of we denote the projection 

of x in IL ’ by x* and the projection of X in by X, . Let XX* be 

the straight line segment from x to x* . V< e contend that 

For if intersected K et some point P , then since X ie 

connected, there would be some point q in l with the same ordinate as 

P 

p . This would imply that p and q both lie in the set IL and hence 
have distance less than £ apart. But this contradicts the choice 
of t < f(K,L). 

In view of this, it is then obvious that Z is homotopic to the 
arc r a . Now let Z be an arc on Wy U^* connecting a to b* . 
This arc exists by property 6) of the covering ^ . Let N be a 

spherical neighborhood about a of radius £ . Then > and hence 

X and 5 * are in N. Since OLt U and f (K,L)>£ , it follows that 
N r\ K 2 0. Hence we can deform Z into J £ in N <. R -K, with fixed 
end points. We have, then that Z *r with fixed end points 

and m lies on bdy . This completes the proof. 

(4) 

As a result of the construction of Antoine, J* Alexander 

3 

constructed 2-cells and 3-cells in R whose complements were not simply 
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connected. We are now able to prove the following generalization of 
Alexander’s theorem* 

• *V X- 

* • w 

Theorem III F . For each q, 1^ q$n, there exists- in R , n ^ 3 a 
set homeomorphic to a q-cell whose complement is not 
simply connected. 

Proof * Let the notation be the same as in section I, and 

take 6^E e to be an n-cell not interior to T and inter- 
secting T on its surface in an (n-l)-cell, B » Con- 

9truct^in T y k disjoint n-cells C ( , intersecting 

bdy T in (n-l)-cells ,ir ( contained in 0 » 

and such that ^ ( n_ l) cell on the 

surface of T^, and := 0 if i^ j. We must make 

further assumptions on the unpathological nature of the 
cells £ > B » ^ , but to avoid confusion 

we will introduce these assumptions at the point in the 
proof where they are used. 

Now proceed in a similar manner in each of the tubes T^, con- 
structing disjoint n-cells • from B. to T . such that 

eij^ij = B ij = (n ' 1) - ce11 

a T — b — an (n-l)-cell C B. 

^ij n i" ij " 1 

^ - 0 if ( i > j ) ^ (i » m ) • 
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Continue the process ad infinitum, obtaining n-celli , 
and (n-1)- cells and for all arrays of finite length. We 
may represent the process schematically by the following diagram, 
taking k s n a 7L • 




We define the n -cel Is 

E,= £. „Ue; 

Ei= E, u UCij 
E ■+ r v U 



Also set 



E<* = Qe. 



t:o 



and 



B- Eo> 

It is then obvious that 



E-Eoo = A, ’ 

where A is the zero-dimensional set constructed in section I. Y/e 
further note that the n-cells e* can be so chosen that representatives 
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of the generators of TT,(R n -A) do not intersect E . Thus 7T,(R n -£) 
will contain TT,(R —A) as a subgroup and therefore be non “trivial. 



vie claim that E is an n-cell. To prove this we shall construct 
a homeomorphism, h, from £ onto the n-cell 



E : o 



l-lK-'tx. 



Let F be the (n-l)-dimensiona 1 face of E defined by x = 0. 

J n 

Let Q, , Q t , be disjoint n-dimensional cubes in E 

which intersect F in (n-1) -cell s, p > » f i » • • • • f >k contained in F . 

, and letE 0 be the n-cell 



Let b^, ..... , b^ be t he sets bdy ^ 



v*\ ^ 

E- UQ- . Then, if we have been careful to avoid pathological n- 
and (n-l)-cells, it is possible to construct a homeomorphism, 

JL • p *-» E* 

'*\ O ■ to y, t 0 } 

such that lo . 

w\ 

Next we repeat the process in each of the n-cells , 

choosing disjoint n-cells intersecting tody in (n-lj- 

cells F-> C Fi • Define 

^ 

Aij ' Ady CL ~ ^ 

j J 

6,7 E.mU£; 

¥.'e can then construct a homeomorphism 

A, : £» £ 6, 

which is an extension of /f^ 0 and such that 
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Continuing this process ad infinitum, the general step 
of which we may represent by the diagram; 




This process constructs for us a h’omeomorphism 

L ■ r 'r 

/T\oO * ^ O* ^ 






If we set A = E~Eoo > Iben we see that, if we are careful 
that diam ° as X^O— , every point of A has a unique repre- 
sentation, where ji is an infinite array of the integers 1, 2, ... 

k , and 



e,= A5, 

I | ^ '*WO® t , 



where ^3^ is the finite array consisting of the first m integers of ^ • 

Furthermore the points of A have a similar unique representation, 



v-r»--fc.v 
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Finally, if we define A: £ -} 6 by 

0>N E /y 



and Aucpvep , 

then it is relatively trivial to verify that h is a homeomorphism 



We have thus proved the theorem for the case q - n. For 

1 ^ q ^ n, we note 'that the sets |Q a jcan be chosen in such a way that 

<—» —1 

A lies on the x-^axis. Thus, the map h on the q-cell defined 

by x - x , - — x . - 0 picks out a q-cell which con- 

J n n-1 q+ 1 r M 

tains A and is contained in E and consequently has a complement v/hich 
is not simply connected. 



4 • 
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